Noether gauge symmetry classes for pp-wave spacetimes by Camci, U. & Yildirim, A.
ar
X
iv
:1
60
5.
00
86
2v
1 
 [g
r-q
c] 
 3 
M
ay
 20
16
Noether gauge symmetry classes for pp-wave spacetimes
U. Camci1, ∗ and A. Yildirim1, †
1Department of Physics, Akdeniz University, 07058 Antalya, Turkey
The Noether gauge symmetries of geodesic Lagrangian for the pp-wave spacetimes are
determined in each of the Noether gauge symmetry classes of the pp-wave spacetimes. It is
shown that a type N pp-wave spacetime can admit at most three Noether gauge symmetry,
and furthermore the number of Noether gauge symmetries turn out to be four, five, six, seven
and eight. We found that all conformally flat plane wave spacetimes admit the maximal,
i.e. ten, Noether gauge symmetry. Also it is found that if the pp-wave spacetime is non-
conformally flat plane wave, then the number of Noether gauge symmetry is nine or ten. By
means of the obtained Noether constants the search of the exact solutions of the geodesic
equations for the pp-wave spacetimes is considered and we found new exact solutions of the
geodesic equations in some special Noether gauge symmetry classes.
Keywords: pp-wave spacetime; plane wave spacetime; Noether gauge symmetry; geodesics.
I. INTRODUCTION
In classical general relativity, the class of pp-wave spacetimes are the best-known and mathemat-
ically simplest class of solutions to Einstein’s field equations [1]. Ehlers and Kundt [2] investigated
the properties of the vacuum “plane-fronted gravitational waves with parallel rays”, and they ab-
breviated this quoted term as “pp-waves”. They also determined the symmetry classes of pp-waves
satisfying the vacuum field equations of general relativity. In vacuum, the pp-wave solution means
that there is a geodesic null vector field. For a type N vacuum spacetime, this implies the existence
of a covariantly constant null vector field, which is parallel to the vector field mentioned above.
Podolsky´ and Vesely´ [3] investigated geodesics in non-homogeneous vacuum pp-wave spacetimes
and demonstrated their chaotic behaviour by rigorous analytic and numerical methods.
We recall some facts on the conformal Killing symmetry. LetM be a four-dimensional spacetime
manifold with metric tensor g of Lorentz signature. Any vector field X satisfying £Xg = 2ψ(x
a)g
is said to be a conformal Killing vector (CKV) of the metric tensor g, where ψ(xa) is a conformal
factor. If ψ;ab 6= 0, then the CKV field is said to be proper. For other cases related with ψ, the
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vector field X is called the special conformal Killing vector (SCKV) field if ψ;ab = 0, the homothetic
Killing vector (HKV) field if ψ, a = 0, e.g. ψ is a constant on M , and the Killing vector (KV) field
if ψ = 0. The set of all CKV (respectively SCKV, HKV and KV) form a finite-dimensional Lie
algebra denoted by C (respectively S,H and G). The maximum dimension of the CKV algebra on
M is fifteen if M is conformally flat, and it is seven if the spacetime is not conformally flat. The
detailed study of the conformal symmetry properties of the null fluid pp-wave spacetimes is given
in Refs.[4] and [5]. These studies refine the isometry classification scheme given by Sippel and
Goenner [6] and determine conformal symmetry classes for the pp-wave spacetimes. The general
form for the CKV of a pp-wave spacetime and, in particular, the expressions for the HKV and
SCKV in such spacetimes are determined by Maartens and Maharaj [7]. Hall et al [8] determined
the CKV for general conformally flat pp-wave spacetime.
Let us remark on the Noether symmetry. Noether symmetries are interesting symmetries asso-
ciated with differential equations possessing a Lagrangian, and they describe physical features of
differential equations in terms of conservation laws (first integrals) admitted by them. There exist
two types Noether symmetry in the literature: the first one is the so-called Noether symmetry
approach without gauge term [9]-[14] in which the Lie derivative of a given Lagrangian L dragging
along a vector field Y vanishes, i.e. £YL = 0. The second one is the so-called Noether gauge sym-
metry (NGS) approach [15–17] which is a generalization of the former Noether symmetry approach
in the sense that Noether symmetry equation includes a gauge term, and it will be discussed in
following section. It is noted here that the set of all NGS form a finite dimensional Lie algebra
denoted by N .
Lately Noether symmetries of the Lagrangian corresponding to the geodesic equations for some
spacetimes have been calculated, and classified according to their symmetry generators [18]-[22].
A connection between the KVs and NGSs of maximally symmetric spaces is examined by Feroze
et al. [18]. For the spaces of different curvatures such as Bertotti-Robinson like spacetime, Feroze
[19] has discussed and conjectured the existence of new conserved quantities. Later, Feroze and
Hussain [20] have presented the form of new conserved quantities along with the proof of their
conjecture. The NGSs of FRW spacetimes have studied by Tsamparlis and Paliathanasis [21].
They have also examined the NGSs of class A Bianchi type homogeneous spacetimes with scalar
field minimally coupled to gravity [22]. Recently, Ali and Feroze [23] have provided a classification
of plane symmetric static spacetimes considering Noether gauge symmetry approach. Using the
approximate Noether symmetries the energy contents of some classes of colliding plane waves are
calculated by Sharif and Waheed [24]. Camci [25] has obtained the NGSs of geodesic Lagrangian
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L and explicitly integrated the geodesic equations of motion for the corresponding stationary
Go¨del-type spacetimes. In the earlier study, we investigated the Lie point symmetries of geodesic
equations and Noether gauge symmetries of the geodesic Lagrangian for some classes of pp-wave
spacetimes [26]. In this work, we aim to find the NGSs corresponding to geodesic Lagrangian for
the general classes of pp-wave spacetimes.
In this study, we consider the line element of pp-wave spacetimes which can be written [1] as
ds2 = −2H(u, y, z)du2 − 2dudv + dy2 + dz2. (1)
The pp-wave spacetime is vacuum if H,yy + H,zz = 0 and conformally flat if H,yy = H,zz and
H,yz = 0, where a subscript together with comma implies partial derivative. Further, if the metric
function can be put in the form
2H(u, y, z) = A(u)y2 + 2B(u)y z +C(u)z2, (2)
then the spacetime is referred to as a plane wave spacetime. The form of the Riemann, Weyl and
Ricci tensors for the pp-wave spacetime
Ruyuy = H,yy , Ruyuz = H,yz , Ruzuz = H,zz (3)
Cuyuy =
1
2
(H,yy −H,zz) = −Cuzuz, Cuyuz = H,yz (4)
Rab = Fkakb (5)
where F = H,yy + H,zz and k is the null covariantly constant Killing vector which has the form
ka = δav , ka = −δua . Therefore the Ricci scalar for pp-wave spacetimes vanishes. We point out here
a fact that the Petrov type of the pp-wave spacetimes is N or O [1, 6]. It is showed in [27] that the
Petrov type is N if the Weyl tensor is non-zero or conformally symmetric on M , and it is O if the
Weyl tensor vanishes. Therefore if the plane wave spacetime is Petrov type O, then the functions
A(u), B(u) and C(u) satisfy A(u) = C(u) and B(u) = 0.
The geodesic Lagrangian of the geodesic motion is given by
L =
1
2
gabx˙
ax˙b − U(xe), (6)
where the dot represents the derivative with respect to the affine parameter s and U(xe) is the
potential function. Using the pp-wave spacetime (1), the geodesic Lagrangian (6) for pp-wave
spacetimes in standard coordinates xa ≡ (u, v, y, z) takes such a form
L =
1
2
(
y˙2 + z˙2
)−H(u, y, z)u˙2 − u˙v˙ − U(u, v, y, z). (7)
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Considering this Lagrangian, one may obtain the geodesic equations of motion for the pp-wave
spacetime by varying of the Lagrangian (7) with respect to the coordinates u, v, y and z as follows:
u¨− U,v = 0, (8)
v¨ +H,uu˙
2 + 2H,yy˙u˙+ 2H,zu˙z˙ − U,u + 2HU,v = 0, (9)
y¨ +H,yu˙
2 + U,y = 0, (10)
z¨ +H,zu˙
2 + U,z = 0. (11)
The energy functional or Hamiltonian of the dynamical system, EL, associated with the Lagrangian
(7) is found as
EL = x˙
apa − L
=
1
2
(
p2y + p
2
z
)
+H(u, y, z)p2v − pupv + U(u, v, y, z), (12)
where pa =
∂L
∂x˙a
, i.e. pu = −2Hu˙− v˙, pv = −u˙, py = y˙ and pz = z˙.
This study is organized as follows. In the following section, we present a detailed analysis of
NGSs according to the isometry classes for pp-wave spacetimes. In section III, we find the NGSs
for plane wave spacetimes. In the last section, we conclude with a brief summary and discussions.
II. NOETHER GAUGE SYMMETRIES FOR THE PP-WAVE SPACETIMES
The vector field Y = ξ∂s + η
a ∂
∂xa
is called a Noether gauge symmetry (NGS) of a Lagrangian
L(s, xa, x˙a) if there exists a gauge function, f(s, xa), such that the Noether symmetry condition
holds [28, 29]
Y[1]L+ L (Dsξ) = Dsf, (13)
whereY[1] = Y+ηas
∂
∂x˙a
is the first prolongation operator, ηas = Dsη
a−x˙aDsξ, and Ds = ∂∂s+x˙a ∂∂xa
is the total derivative operator. The Noether gauge symmetries Y = ξ∂s+η
1∂u+η
2∂v+η
3∂y+η
4∂z
of the geodesic Lagrangian (7) are obtained from (13), which explicitly take the alternative form
[21, 22]
ξ,a = 0, (14)
gabη
b
,s = f,a (15)
£ηgab = ξ,sgab (16)
£ηU = −ξ,sU − f,s (17)
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where £η is the Lie derivative operator along η = η
1∂u + η
2∂v + η
3∂y + η
4∂z. If the vector field Y
is the NGS corresponding to the Lagrangian L(s, xa, x˙a), then
I = ξL+ (ηa − ξx˙a) ∂L
∂x˙a
− f (18)
is the first integral associated withY. Then it follows from this relation for the geodesic Lagrangian
(7) that
I = −ξEL − (2Hη1 + η2)u˙− η1v˙ + η3y˙ + η4z˙ − f, (19)
where EL is given in (12).
A. Noether gauge symmetry in standard coordinates
For the metric (1) in standard coordinates xa = (u, v, y, z), it follows from Eq. (14) that
ξ = ξ(s), and the remaining Noether equations (15)-(17) lead to explicit form
η1,v = 0, η
1
,y − η3,v = 0, η1,z − η4,v = 0, (20)
η3,z + η
4
,y = 0, 2η
3
,y − ξ,s = 0, 2η4,z − ξ,s = 0, (21)
η2,v + η
1
,u − ξ,s = 0, η2,y − η3,u + 2Hη1,y = 0, 2Hη1,z + η2,z − η4,u = 0, (22)
η1,s + f,v = 0, η
3
,s − f,y = 0, η4,s − f,z = 0, η2,s + f,u − 2Hf,v = 0, (23)
η2,u + 2Hη
1
,u +H,uη
1 +H,yη
3 +H,zη
4 −Hξ,s = 0, (24)
U,uη
1 + U,vη
2 + U,yη
3 + U,zη
4 + Uξ,s + f,s = 0. (25)
On the one hand, for givenH(u, y, z), the Noether equations (20)-(24) determine the NGS generator
Y of the Noether symmetry group. On the other hand, after finding the components ξ, η1, η2, η3
and η4 of the NGS generator Y, it remains Eq. (25) to be satisfied for the potential U(u, v, y, z).
In the following we solve these equations when the potential U(u, v, y, z) vanishes, which gives a
Noether symmetry called variational symmetry [28]. We find a solution (see the Appendix) for the
NGS of a non-flat pp-wave spacetime as
ξ = c1s+ c2, η
1 = c6u+ c7, (26)
η2 = −sf1,u + yf2,u + zf3,u + (c1 − c6) v + f4, (27)
η3 = c3s+ c1
y
2
+ c5z + f2, η
4 = c4s− c5y + c1 z
2
+ f3, (28)
f = c3y + c4z + f1, (29)
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where ci are constant parameters, i = 1, ..., 7 and fk, (k=1,...,4), are functions of u, and the following
conditions have to be satisfied
f1,uu − (c3H,y + c4H,z) = 0, (30)
yf2,uu + zf3,uu +H,yf2 +H,zf3 +
c1
2
(yH,y + zH,z − 2H)
+f4,u + c5 (zH,y − yH,z) + c6(uH,u + 2H) + c7H,u = 0. (31)
Once H(u, y, z) has been chosen, the differential equations (30) and (31) governs their behaviour.
Fixing the function H the special or non-special NGS admitted by a pp-wave spacetime can be
deduced from Eqs. (30) and (31). For any form of H one can have at most three independent
non-special NGS.
From Eqs. (30) and (31) it seems that the functions f1(u), f4(u) and the parameter c2 are
not fix the function H. Therefore, if the functions f1(u) and f4(u) are nonzero in the constraint
equations (30) and (31), these constraint equations for any H yield
f1,uu = 0, f4,u = 0 (32)
which give f1 = a1u + a2 and f4 = a3, where a1, a2, a3 are constant parameters. Thus the
components of NGS vector field Y and the gauge function f become ξ = c2, η
1 = 0, η2 = −a1s +
a3, η
3 = 0, η4 = 0, and f = a1u + a2. Here the constant parameter a2 can be assumed to be zero
without loss of generality. Thus, a type N pp-wave spacetime can admit at most three non-special
NGS such that
k = ∂v, Y1 = ∂s, (33)
Y2 = −s∂v with gauge term f = u. (34)
From Eq.(19) one can easily find the first integrals of k,Y1 and Y2 as
I1 = −u˙, I2 = −EL, I3 = su˙− u, (35)
which means
u = −(I1s+ I3), (36)
EL = −I2 ⇔ y˙2 + z˙2 + 2I1 (v˙ − I1H) + 2I2 = 0, (37)
where I1, I2 and I3 are the Noether constants. It is well known that the normalizing condition of
geodesics is
gabx˙
ax˙b = −κ, (38)
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where κ = −1, 0,+1 for spacelike, null (lightlike) or timelike geodesics, respectively. This condition
for pp-wave spacetime yields
− 2Hu˙2 − 2u˙v˙ + y˙2 + z˙2 = −κ. (39)
For massive particles the curve parameter s represents its proper time. In the case of light beam we
use the curve parameter as an affine parameter λ which has no physical meaning. Using (36) in (39)
and comparing this condition with (37) it is seen that κ = 2I2. Additional NGSs make it possible
to get the solution of geodesic equations or reduce the geodesic equations to the most convenient
form in the associated isometry class. We conclude that the analytic solutions of geodesic equations
can be found in some special cases.
In such a case one might ask if there can exist any further independent special or non-special
NGS. The answer is in the positive for some form of H. We present some examples of pp-wave
spacetimes admitting special NGS(s) in standard coordinates and give most of the results in Table
I.
1. Isometry class 1.
In this class there exists only the KV k [6]. For this class we found two NGS Y1 and Y2
in addition to one KV k, which means that this general spacetime admits minimal NGS algebra
N3 ⊃ G1.
2. Isometry class 1i.
In this class H is independent of one of the spatial coordinates, i.e. H = H(u, z) [5]. Then
the conditions (30) and (31), and exclusion of type O and plane wave spacetimes give c4 = 0, c5 =
0, f1,uu = 0, f2,uu = 0, i.e. f1 = a1u+ a2, f2 = a3u+ a4, and
(
f3 + c1
z
2
)
H,z + (c6u+ c7)H,u + (2c6 − c1)H + zf3,uu + f4,u = 0, (40)
where a1, a2, a3 and a4 are constants. It is easily found that if H(u, z) is an arbitrary function then
it follows from (40) that the NGSs which can occur are k,X2,X3,Y1,Y2 and Y3. Then using the
Table I and integrating, we find that
u = −(I1s+ I3), y = −(I4s+ I6), I5 = I3I4 − I1I6, (41)
z˙2 + 2I1 (v˙ − I1H) = −(ǫ+ I24 ). (42)
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TABLE I: NGSs, gauge functions and first integrals for the classes 1, 1i, 3, 4, 8, 9 and Biv. The vector
field Z = 2u∂u + y∂y + z∂z in class Biv is a proper HKV.
Class NGS f First Integrals
(subcase)
1 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
1i k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂y, X3 = u∂y + y∂v, Y3 = s∂y 0, 0, y I4 = −y˙, I5 = uy˙ − yu˙, I6 = sy˙ − y
3 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ǫ(z∂y − y∂z) + u∂u − v∂v 0 I4 = −(2Hu− v)u˙ − uv˙ + ǫ(zy˙ − yz˙)
4 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ǫ(z∂y − y∂z) + ∂u 0 I4 = −2Hu˙− v˙ + ǫ(zy˙ − yz˙)
8 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, 0, I4 = −2Hu˙− v˙,
X3 = ǫ(u∂u − v∂v) + η∂y + σ∂z 0 I5 = ǫ(−2Huu˙− uv˙ + vu˙) + ηy˙ + σz˙
8(ǫ = 0) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = η∂y + σ∂z 0, 0 I4 = −2Hu˙− v˙, I5 = ηy˙ + σz˙
X4 = η(y∂v + u∂y) + σ(z∂v + u∂z), 0, I6 = η(−yu˙+ uy˙) + σ(−zu˙+ uz˙),
Y3 = s (η∂y + σ∂z) ηy + σz I7 = s(ηy˙ + σz˙)− (ηy + σz)
9 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = ∂z + η(u∂u − v∂v) 0, 0 I4 = −2Hu˙− v˙, I5 = z˙ − ηu(2Hu˙+ v˙) + ηvu˙
X4 = ∂y − σ(u∂u − v∂v) 0 I6 = y˙ + σu(2Hu˙+ v˙)− σvu˙
X5 = u(η∂y + σ∂z) + (ηy + σz)∂v 0 I7 = u(σz˙ + ηy˙)− (ηy + σz)u˙
Y3 = s(η∂y + σ∂z) ηy + σz I8 = η(sy˙ − y) + σ(sz˙ − z)
Biv k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = σ∂y + ρ∂z 0, 0 I4 = −2Hu˙− v˙, I5 = σy˙ + ρz˙
X4 = (σy + ρz)∂v + u(σ∂y + ρ∂z) 0 I6 = −(σy + ρz)u˙+ σuy˙ + ρuz˙
Y3 = s(σ∂y + ρ∂z), σy + ρz, I7 = σ(sy˙ − y) + ρ(sz˙ − z),
Y4 = 2s∂s + Z 0 I8 = −2sEL − 2u(2Hu˙+ v˙) + yy˙ + zz˙
Therefore, we have the exact form of u and y, and it is seen that we need an extra equation to get
v and z.
For this class the function H could also depend on the coordinates u and y, i.e. H = H(u, y).
Therefore the conditions (30) and (31) yield c3 = 0, c5 = 0, f1,uu = 0, f3,uu = 0, i.e. f1 =
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a1u+ a2, f3 = a3u+ a4, and
(
f2 + c1
y
2
)
H,y + (c6u+ c7)H,u + (2c6 − c1)H + yf2,uu + f4,u = 0, (43)
which gives rise to same NGSs appear in H = H(u, z), where the NGSs, gauge functions and first
integrals come with the coordinate z instead of the coordinate y.
3. Isometry class 3.
In this class, the differential equation for H [6] is
uH,u + 2H + ǫ(zH,y − yH,z) = 0, (44)
which give the form H = u−2W (µ, ν), where µ = z sinφ − y cosφ, ν = y cosφ + z sinφ, φ =
ǫ ln |u| and ǫ is an arbitrary constant. Here we used the same coordinate transformation as with
Sippel and Goenner [6]. Keane and Tupper [5] have considered the coordinate transformation
s = y sinφ − z cosφ, t = y cosφ + z sinφ, φ = ǫ ln |u|, but this yields H = u−1W (s, t). From the
condition (31) and the differential equation (44) for H, we observe that c5 = ǫk1 and c6 = k1, where
k1 is a constant parameter. Using the considered coordinate transformation above, the conditions
(30) and (31) become
u2f1,uu + [(c3 cosφ− c4 sinφ)W,µ − (c3 sinφ+ c4 cosφ)W,ν ] = 0, (45)
u2 [(ν sinφ− µ cosφ)f2,uu + (µ sinφ+ ν cosφ)f3,uu + f4,u]
+(−f2 cosφ+ f3 sinφ)W,µ + (f2 sinφ+ f3 cosφ)W,ν
+
c1
2
(µW,µ + νW,ν − 2W ) + c7 ǫ
u
(
νW,µ − µW,ν − 2
ǫ
W
)
= 0. (46)
Then it follows that if W is an arbitrary function, the NGSs can occur as two KVs k,X2,Y1 and
Y2. Thus, for the geodesic equations in this case, it follows from the Table I that u = −(I1s+ I3)
and
y˙2 + z˙2 + 2I1(v˙ − I1H) + κ = 0, (47)
ǫ(zy˙ + yz˙) + (I1s+ I3)(v˙ − 2I1H)− I1v − I4 = 0, (48)
where κ = 2I2 = 0,±1. When W is an arbitrary function, this result represents that there are
three unknowns y˙, z˙ and v˙, but two differential equations given above. Therefore, we need at least
one additional differential equation to solve the geodesic equations completely, if it is possible to
solve the obtained system of differential equations.
Noether gauge symmetry classes for pp-wave spacetimes 10
It is too difficult to solve the above partial differential equations (45) and (46) in general but
we can give some special solutions. For example, assuming f2 = −k2 cosφ and f3 = k2 sinφ, where
k2 is a constant parameter, we find from Eqs. (45) and (46) that for W = ǫµ (ν + ǫµ/2) +K(ν),
K(ν) is a function of integration, there is an additional KV as
X3 =
ǫ
u
(y sinφ+ z cosφ)∂v − cosφ∂y + sinφ∂z , (49)
with I5 = − ǫu(ysinφ+ zcosφ)u˙− cosφy˙+ sinφz˙ which means that the spacetime admits N5 ⊃ G3.
If W (µ, ν) satisfies the condition
µW,µ + νW,ν − 2W = 0, (50)
which indicates that the constant parameter c1 need not to be zero, then we have a special NGS
Y3 = 2s∂s + Z, (51)
with the first integral I6 = −2sEL − 2vu˙ + yy˙ + zz˙, where Z = 2v∂v + y∂y + z∂z is a HKV. This
means that the spacetime admits N6 ⊃ H4 ⊃ G3. Note that using W = ǫµ (ν + ǫµ/2) + K(ν) in
Eq.(50) yields K(ν) = K0ν
2, where K0 is a constant of integration. Also it is noted that even we
have two more constants of motion I5 and I6 which give two additional differential equations, the
related geodesic equations could not be solved yet.
4. Isometry class 4.
The differential equation for H for this class [6] is
H,u + ǫ(zH,y − yH,z) = 0, (52)
which gives H = W (µ, ν), where φ = ǫu, ǫ is an arbitrary constant. From the condition (31) and
the differential equation (52) for H, we observe that c5 = ǫk1 and c7 = k1, where k1 is a constant
parameter. Furthermore, the constraint conditions (30) and (31) of this class yield
f1,uu + [(c3 cosφ− c4 sinφ)W,µ − (c3 sinφ+ c4 cosφ)W,ν ] = 0, (53)
(ν sinφ− µ cosφ)f2,uu + (µ sinφ+ ν cosφ)f3,uu + f4,u
+(−f2 cosφ+ f3 sinφ)W,µ + (f2 sinφ+ f3 cosφ)W,ν
+
c1
2
(µW,µ + νW,ν − 2W ) + c6 [φ (νW,µ − µW,ν) + 2W ] = 0. (54)
It is also too difficult to get a solution of the above constraint equations in general. After some
algebra we find from the above constraint equations that f1 = a1u + a2, f4 = a3 and c3 = c4 =
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c6 = 0. Then it follows that if W is an arbitrary function, the NGSs are two non-special NGSs Y1
and Y2, and two KVs k and X2. For this class, the geodesic equations from the Table I gives
u = −(I1s+ I3), (55)
y˙2 + z˙2 + 2I1(v˙ − I1H) + κ = 0, (56)
ǫ(zy˙ − yz˙)− v˙ + 2I1H − I4 = 0, (57)
which are also under-determined system of ordinary differential equations for y˙, z˙ and v˙. Therefore,
it is also not possible to solve these kind of system just like the isometry class 3.
Under the assumption f2 = −k2 cosφ and f3 = k2 sinφ, one can obtain an additional KV as
X3 = ǫ(y sinφ+ z cosφ)∂v − cosφ∂y + sinφ∂z, (58)
with I5 = −ǫ(ysinφ+ zcosφ)u˙− cosφy˙+ sinφz˙ for W = µ2/2+L(ν), where L(ν) is an integration
function. In this case if W satisfies the condition (50) we find the same NGS as (51). Thus the
spacetime admits N6 ⊃ H4 ⊃ G3.
5. Isometry class 8.
In this case, the conditions of [6] on H are H,u = 0 which means H = H(y, z), and
ηH,y + σH,z + 2ǫH = 0, (59)
where η, σ and ǫ(6= 0) are constants such that η2 + σ2 6= 0. We will partially use Keane and
Tupper’s [5] notation in which t = ηz − σy,w = ηy + σz and δ = −ǫ/(η2 + σ2), where we have not
considered s instead of t because of that s is arc length parameter throughout this study. Thus
the condition (59) leads to the form H = W (t)exp(2δw). If W (t) is an arbitrary function then it
follows from the conditions (30) and (31) that c1 and c5 vanish, and
f1,uu = 0, f2,uu = 0, f3,uu = 0, f4,u = 0, (60)
(ηf3 − σf2)W ′(t) + 2 [δ(ηf2 + σf3) + c6]W (t) = 0. (61)
From the last Eq.(61) we find f2 = η, f3 = σ and c6 = ǫ for arbitrary W (t). These results together
with (60) imply that we get the three KVs k,X2,X3 and the two NGSs Y1 and Y2. In this
class the spacetime admits N5 ⊃ G3. Furthermore we can find a specialization for ǫ 6= 0 only if
W (t) = Kexp(ct), where K and c are non-zero constants, but this corresponds to isometry class 9.
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For this class, the first integrals given in Table I yields
u = −(I1s+ I3), v = 2I1
∫
Hds− I4s+ v0, (62)
ηy˙ + σz˙ = ǫI1v + ǫI4(I1s+ I3) + I5, (63)
y˙2 + z˙2 + 2I1(I1H − I4) + κ = 0, (64)
where κ = 2I2, and v0 is an integration constant. Here we could not find the solution of the above
geodesic equations (63) and (64) explicitly.
6. Isometry class 8(ǫ = 0).
In this case the condition (59) yields that the function H has the form H = W (t). For this
class, the conditions (30) and (31) lead to c5 = 0, c3 = k1η, c4 = k2σ and the following equations
f1,uu = 0, f2,uu = 0, f3,uu = 0, (65)(
c1
t
2
+ ηf3 − σf2
)
W ′(t) + (2c6 − c1)W (t) + f4,u = 0, (66)
where k1 and k2 are constants. Eq.(65) implies f1 = a1u+ a2, f2 = a3u+ a4, f3 = a5u+ a6 where
a1, ..., a6 are constant parameters. Then differentiating Eq.(66) with respect to u it reduces to
(a5η − a3σ)W ′(t) + f4,uu = 0, (67)
which gives a3 = k2η, a5 = k2σ and f4 = a7u + a8 for arbitrary W (t), where k2, a7 and a8 are
constants. Thus Eq.(66) implies
(
c1
t
2
+ a6η − a4σ
)
W ′(t) + (2c6 − c1)W (t) + a7 = 0. (68)
Therefore if W (t) is arbitrary then we have four KVs k,X2,X3,X4 and three NGSs Y1,Y2,Y3.
Thus the spacetime with H = W (t) admits N7 ⊃ G4. For this class, using the Table I, we obtain
the following relations
u = −(I1s+ I3), v = 2I1
∫
W (t)ds − I4s+ v0, (69)
ηy + σz = I5s− I7, I6 = −(I1I7 + I3I5), (70)
y˙2 + z˙2 + 2I1(I1W − I4) + κ = 0, (71)
where κ = 2I2, v0 is an integration constant, and t = ηz − σy. It is not possible to solve exactly
the geodesic equation (71) due to the arbitrariness of W (t).
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The Eq.(68) gives rise to some specific examples of W (t). The restrictions c6 = c1, a7 = 0, a4 =
k3η and a6 = k3σ in (68) leads to W (t) = Kt
−2 with algebra N8 ⊃ H5 ⊃ G4, which is class Biv. If
a7 = 0, a4 = k3η, a6 = k3σ and c6 =
(2−c)
4 c1 then these restrictions in (68) lead toW (t) = Kt
c where
c(6= 2) is a constant. For this form of W (t) we have an algebra consisting of KVs k,X2,X3,X4
and NGSs Y1,Y2,Y3, and
Y4 = 2s∂s + Z, (72)
with the first integral I8 = −2sEL −
[
2H (2−c)2 u+
(2+c)
2 v
]
u˙ − (2−c)2 uv˙ + yy˙ + zz˙ where Z is the
HKV in the form
Z =
(2− c)
2
u∂u +
(2 + c)
2
v∂v + y∂y + z∂z , (73)
therefore this spacetime also admits N8 ⊃ H5 ⊃ G4. Here, it is too difficult to solve the geodesic
equation (71) because of the form of W (t).
7. Isometry class 9.
This case is a special case of isometry class 8, and H has the form H = Ke2(σy−ηz). For this
class we found five KVs, i.e. k,X2,X3,X4,X5 and three NGSs Y1,Y2,Y3. The spacetime admits
the N8 ⊃ G5.
In this class, the first integrals from the Table I give
u = −(I1s+ I3), v = 2KI1
∫
e2(σy−ηz)ds− I5s+ v0, (74)
ηy + σz = (σI6 + ηI7)s− I4, I8 = −I3(σI6 + ηI7)− I1I4, (75)
y˙2 + z˙2 + 2I1(I1W − I4) + κ = 0, (76)
y˙ = −σI1v − σI5(I1s+ I3) + I7, (77)
z˙ = ηI1v + ηI5(I1s+ I3) + I6, (78)
where I1 6= 0, κ = 2I2 and v0 is an integration constant. Then, in a special case of isometry class
9, where only non-zero Noether constants are I1 and I5, we found the analytic solution of geodesic
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equations for H = K exp(2ℓy) of the form
u(λ) = −I1λ, (79)
v(λ) =
I5
2ℓ
√
β
[
2 tanh ℓ
√
β(y0 − λ) + ln
(
tanh ℓ
√
β(y0 − λ)− 1
tanh ℓ
√
β(y0 − λ) + 1
)]
−I5λ+ v0, (80)
y(λ) =
1
2ℓ
ln
[
ℓβ
α
(
1− tanh2 ℓ
√
β(y0 − λ)
)]
, (81)
z(λ) = −η
σ
y(λ), (82)
where σ 6= 0, ℓ = (σ2 + η2)/σ, α = 2σKI21 , β = 2σI1I5/ℓ, σ2 + η2 6= 0, v0 and y0 are integration
constants. Since I2 vanishes, this means κ = 0, i.e. this corresponds to the massless particles,
therefore we use the curve parameter λ instead of s.
There may be exists other special cases of Noether constants whether some of these constants
vanish or not. In other special cases, it is possible to find some analytical solutions of the geodesic
equations, but this is a subject of another study.
8. Class Biv.
In this class the function H is given by H = l(σz − ρy)−2. For this class the number of NGSs
we found from the constraint conditions (30) and (31) is eight : k,X2,X3,X4,Y1,Y2,Y3,Y4. The
spacetime admits the N8 ⊃ H5 ⊃ G4.
Now, for this class, it follows from the first integrals given in Table I that
u = −(I1s+ I3), ηy + σz = I7s− I4, (83)
v˙ = 2I1H − I6, I8 = −(I1I4 + I3I7), (84)
y˙2 + z˙2 + 2I1(I1H − I6) + κ = 0, (85)
yy˙ + zz˙ − 2(I2 − I1I6)s− 2I3I6 − I5 = 0, (86)
where κ = 2I2. Here we consider only one special case of class Biv, when I1, I2 and I8 are non-zero
Noether constants. For this special case of class Biv, the general solution of geodesic equations are
given by
u(s) = −I1s, v(s) = 2l ρI1
k
√
ky0κ
arctanh
(
ρκs√
ky0κ
)
+ v0, (87)
y(s) = ∓
√
y0 − κρ
2
k
s2, z(s) = −σ
ρ
y(s), (88)
where k = σ2 + ρ2, and v0 and y0 are constants of integration.
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In this class, it is also possible other special cases of class Biv in which one can obtain some
analytical solutions of geodesic equations, but this is again a subject of another study.
B. Noether gauge symmetry in polar coordinates
Most of the Killing symmetries obtained in references [4–7] are in the polar coordinates. There-
fore for the moment we will write down the metric (1) in polar coordinates y = r cos θ and z = r sin θ
as
ds2 = −2H(u, r, θ)du2 − 2dudv + dr2 + r2dθ2. (89)
Using this form of pp-wave spacetimes, a point-like Lagrangian density in polar coordinates takes
such a form
L =
1
2
(
r˙2 + r2θ˙2
)
−H(u, r, θ)u˙2 − u˙v˙ − U(u, v, r, θ). (90)
Thus the explicit form of Noether equations (15)-(17) together with ξ = ξ(s) from Eq. (14) becomes
η1,v = 0, η
1
,r − η3,v = 0, η1,θ − r2η4,v = 0, η3,θ + r2η4,r = 0, (91)
2η3,r − ξ,s = 0, 2η4,θ +
2
r
η3 − ξ,s = 0, η2,v + η1,u − ξ,s = 0, (92)
2Hη1,θ + η
2
,θ − r2η4,u = 0, 2Hη1,r + η2,r − η3,u = 0, (93)
η1,s + f,v = 0, η
3
,s − f,r = 0, r2η4,s − f,θ = 0, η2,s + f,u − 2Hf,v = 0, (94)
η2,u + 2Hη
1
,u +H,uη
1 +H,rη
3 +H,θη
4 −Hξ,s = 0, (95)
U,uη
1 + U,vη
2 + U,rη
3 + U,θη
4 + Uξ,s + f,s = 0. (96)
Thus a solution of the above NGS equations in polar coordinates, which can be obtained by a
similar calculation given in the Appendix, yields
ξ = c1s+ c2, η
1 = c6u+ c7, (97)
η2 = −sg1,u + r cos θg2,u + r sin θg3,u + (c1 − c6) v + g4, (98)
η3 = (c4s+ g2) cos θ + (c3s+ g3) sin θ + c1
r
2
, (99)
η4 = (c3s+ g3)
cos θ
r
− (c4s+ g2) sin θ
r
+ c5, (100)
f = r(c3 sin θ + c4 cos θ) + g1 (101)
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where ci are constant parameters, i = 1, ..., 7 and gk, (k=1,...,4), are functions of u, and the following
conditions have to be satisfied
g1,uu − c3
(
cos θ
r
H,θ − sin θH,r
)
− c4
(
cos θH,r +
sin θ
r
H,θ
)
= 0, (102)
r (cos θg2,uu + sin θg3,uu) +H,r (cos θg2 + sin θg3)
+
H,θ
r
(cos θg3 − sin θg2) + g4,u + c1
2
(rH,r − 2H)
+c5H,θ + c6 (uH,u + 2H) + c7H,u = 0. (103)
Here it is also seen that the functions g1(u), g4(u) and the parameter c2 are not fix the function H.
This implies again that we have three non-special NGSs given by (33) and (34).
Four possible classes of solutions depending on the form of metric function H = τ(u)r2+δ(θ)r−2
arise from the conformal Killing equations of pp-wave spacetime [5]
A : δ(θ) = ℓe2mθ, where ℓ 6= 0,m 6= 0 are constants.
B : δ(θ) = ℓ (η sin θ − σ cos θ)−2, where ℓ 6= 0, η and σ are nonzero constants.
C : δ(θ) is a constant.
D : δ(θ) is arbitrary function.
We consider the above classes A-D according to form of the function of H given in [5], and find
NGSs of the geodesic Lagrangian for pp-wave spacetimes of those classes given in Table II, where the
second column denotes the NGSs, the third and fourth columns denote gauge functions of NGSs
and first integrals of geodesic equations correspondingly. For Class B; G1 = u sin(q/2u), G2 =
u cos(q/2u), D1 = sin(
√
2qu), D2 = cos(
√
2qu), P1(θ) = σ cos θ + ρ sin θ, P2(θ) = σ sin θ − ρ cos θ.
We have seen that the classes A and D belong to isometry class 1.
If the function τ(u) is chosen zero, we get classes type iv [5]. We now consider the function H
with τ(u) = 0. The classes A,B,C and D become respectively Aiv ,Biv ,Civ and Div . The NGSs,
gauge functions and first integrals of these cases are given in Table II.
In this subsection, we have mostly give the obtained NGSs, gauge functions and first integrals in
Table V. Now we consider the isometry classes of Sippel and Goenner [6] in order to obtain any
further NGSs if they admit them (see also Table IV).
Noether gauge symmetry classes for pp-wave spacetimes 17
TABLE II: NGSs, gauge functions and first integrals for the classes A, B, C, D, Aiv, Civ and Div. The
vector fields Z1 = 2mv∂v +mr∂r +2∂θ and Z2 = 2u∂u + r∂r in classes A,Aiv,A(c), C(a), Civ and Div is a
HKV.
Class NGS f First Integrals
(subcase)
A k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
Y3 = 2ms∂s + Z1 0 I4 = −2msEL − 2mvu˙+mrr˙ + 2r2θ˙2,
A(a) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
A(b) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u 0 I4 = −2Hu˙− v˙
A(c) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
Y3 = 2s∂s + Z2 0 I4 = −2sEL − 4Huu˙− 2uv˙ + rr˙
B(a) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = G
′
1P1(θ)r∂v +G1P1(θ)∂r − G1r P2(θ)∂θ 0 I4 = −G′1P1(θ)ru˙ +G1P1(θ)r˙ −G1P2(θ)rθ˙
X3 = G
′
2P1(θ)r∂v +G2P1(θ)∂r − G2r P2(θ)∂θ 0 I5 = −G′2P1(θ)ru˙ +G2P1(θ)r˙ −G2P2(θ)rθ˙
B(b) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u 0 I4 = −2Hu˙− v˙
X3 = D
′
1P1(θ)r∂v +D1P1(θ)∂r − D1r P2(θ)∂θ 0 I5 = −D′1P1(θ)ru˙ +D1P1(θ)r˙ −D1P2(θ)rθ˙
X4 = D
′
2P1(θ)r∂v +D2P1(θ)∂r − D2r P2(θ)∂θ 0 I6 = −D′2P1(θ)ru˙ +D2P1(θ)r˙ −D2P2(θ)rθ˙
C k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂θ 0 I4 = r
2θ˙
C(a) k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂θ, Y3 = 2s∂s + Z2 0, 0 I4 = r
2θ˙, I5 = −2sEL − 4Huu˙− 2uv˙ + rr˙
D k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
Aiv k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, 0, I4 = −2Hu˙− v˙,
X3 = m(u∂u − v∂v)− ∂θ 0 I5 = −mu(2Hu˙+ v˙) +mvu˙ − r2θ˙
Y3 = 2ms∂s + Z1 0 I6 = −2msEL − 2mvu˙+mrr˙ + 2r2θ˙
Civ k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = ∂θ 0, 0 I4 = −2Hu˙− v˙, I5 = r2θ˙
Y3 = 2s∂s + Z2 0 I6 = −2sEL − 4Huu˙− 2uv˙ + rr˙
Div k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, 0, I4 = −2Hu˙− v˙,
Y3 = 2s∂s + Z2 0 I5 = −2sEL − 4Huu˙− 2uv˙ + rr˙
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TABLE III: Noether gauge symmetry algebras for pp-wave spacetimes.
Class Algebra Metric Function H F
(subcase)
A N4 ⊃ H2 ⊃ G1 τ(u)r2 + le2mθr−2 4τ(u) + 4l(1 +m2)e2mθr−4
A(a) N4 ⊃ G2 wr2 + le2mθr−2 4w + 4l(1 +m2)e2mθr−4
A(b) N4 ⊃ H2 ⊃ G1 wu−2r2 + le2mθr−2 4wu−2 + 4l(1 +m2)e2mθr−4
B(a) N5 ⊃ G3 q
2
8 u
−4r2 + l(σz − ρy)−2 q22 u−4 + 6l(σ2 + ρ2)(σz − ρy)−4
B(b) N6 ⊃ G4 qr2 + l(σz − ρy)−2 4q + 6l(σ2 + ρ2)(σz − ρy)−4
C N4 ⊃ G2 τ(u)r2 + δr−2 4τ(u) + 4δr−4
C(a) N5 ⊃ H3 ⊃ G2 wu−2r2 + δr−2 4wu−2 + 4δr−4
D N3 ⊃ G1 τ(u)r2 + δ(θ)r−2 4τ(u) + (4δ(θ) + δ(θ),θθ)r−4
Aiv N6 ⊃ H4 ⊃ G3 le2mθr−2 4le2mθ(1 +m2)r−4
Biv N8 ⊃ H5 ⊃ G4 l(σz − ρy)−2 6l(σ2 + ρ2)(σz − ρy)−4
Civ N6 ⊃ H4 ⊃ G3 δr−2 4δr−4
Div N5 ⊃ H3 ⊃ G2 δ(θ)r−2 (4δ(θ) + δ(θ),θθ)r−4
1. Isometry class 2.
In this class, Sippel and Goenner [6] give a differential equation for the function H as zH,y −
yH,z = 0 which yields the form H,θ = 0 for polar coordinates. Therefore the function H depends
only on the variables u and r, i.e. H = H(u, r). The conditions (102) and (103) in polar coordinates
give c3 = 0, c4 = 0 and g1 = a1u+ a2, where a1 and a2 are constants, and
rg2,uu +H,rg2 = 0, (104)
rg3,uu +H,rg3 = 0, (105)
(c6u+ c7)H,u + c1
r
2
H,r + (2c6 − c1)H + g4,u = 0. (106)
For an arbitrary H(u, r) we get from the above equations that the NGSs are the KVs already listed
in [6], i.e. k,X2,Y1, and Y2, which means that the spacetime admits N4 ⊃ G2.
Let us assume that H = m(u)rp + n(u)rq, where p 6= q are constants. In order to avoid plane
wave spacetimes, one of p, q must equal to 2. Therefore we choose q = 2 and assume p 6= 0, 2
(otherwise type O). Substituting the function H = m(u)rp + n(u)r2, (p 6= 0, 2), into Eqs. (104),
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TABLE IV: Noether gauge symmetries for Sippel and Goenner [6] isometry classes.
Class Algebra Metric Function H F
1 N3 ⊃ G1 Arbitrary H,yy +H,zz
1i N6 ⊃ G3 H(u, z) H,zz
2 N4 ⊃ G2 H(u, r) H,rr + r−1H,r
2i N5 ⊃ H3 ⊃ G2 Keαu ln |r| 0
2ii N5 ⊃ H3 ⊃ G2 K(αu + β)q 0
2iii N6 ⊃ H4 ⊃ G3 K ln |r| 0
3 N4 ⊃ G2 u−2W (s, t) u−2(W,ss +W,tt)
4 N4 ⊃ G2 W (s, t) W,ss +W,tt
5 N5 ⊃ G3 u−2W (r) u−2(W,rr + r−1W,r)
5i N5 ⊃ G3 u−2ζ ln |r| 0
5ii N5 ⊃ G3 u−2δr−σ u−2(δσ2r−(σ+2) − 4σ(2 − σ)−2)
−u−2σ(2 − σ)−2r2
6 N5 ⊃ G3 W (r) W,rr + r−1W,r
6i N6 ⊃ H4 ⊃ G3 δr−σ δσ2r−(σ+2)
6ii N5 ⊃ G3 ζ ln |r| 0
7 N5 ⊃ G3 e2cθW (r) e2cθ(W,rr + r−1W,r + 4c2r−2W )
7i N6 ⊃ H4 ⊃ G3 δr−σe2cθ δe2cθ(σ2 + 4c2)r−(σ+2)
8 N7 ⊃ G3 W (t)e2δw [(η2 + σ2)W,ss + 4ǫ2(η2 + σ2)−1W ]e2t
8(ǫ = 0) N7 ⊃ G4 W (t) [(η2 + σ2)W,ss + 4ǫ2(η2 + σ2)−1W ]e2t
8(ǫ = 0)i N8 ⊃ H5 ⊃ G4 Ktc, c 6= −2 [(η2 + σ2)W,ss + 4ǫ2(η2 + σ2)−1W ]e2t
9 N8 ⊃ G5 Ke2(ηy−σz) 4(η2 + σ2)H
(105) and (106), it can be found that m(u) = σuα, n(u) = ηu−2, c6 = c1(2−p)/(2α+4), g4(u) = a3
and g2(u) = g3(u) = c7 = 0 which means
ξ = c1s+ c2, η
1 = c1
(2− p)
(2α+ 4)
u, η2 = −a1s+ c1 (p+ 2α+ 2)
(2α + 4)
v + a3, (107)
η3 = c1
r
2
, η4 = c5, f = a1u+ a2,
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TABLE V: NGSs, gauge functions and first integrals for the classes 2, 5, 6 and 7.
Class NGS f First Integrals
(subcase)
2 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂θ 0 I4 = r
2θ˙
5 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = u∂u − v∂v, X3 = ∂θ 0, 0 I4 = −(2Hu˙+ v˙) + vu˙, I5 = r2θ˙
6 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = ∂θ 0, 0 I4 = −2Hu˙− v˙, I5 = r2θ˙
7 k = ∂v, Y1 = ∂s, Y2 = −s∂v 0, 0, u I1 = −u˙, I2 = −EL, I3 = su˙− u
X2 = ∂u, X3 = c(u∂u − v∂v)− ∂θ 0, 0 I4 = −2Hu˙− v˙, I5 = −cu(2Hu˙+ v˙) + cvu˙ − r2θ˙
where α, σ, η, a3 are constants. Hence, we have five NGS, that is, in addition to the two KVs k,X2
and two non-special NGSs Y1,Y2 given above, there is a special NGS as Y3 = 2s∂s +Z, with the
first integral I5 = 2I2s +
I1
α+2 [(2− p)Hu+ (p + 2α+ 2)v] + (p−2)2(α+2)uv˙ + rr˙, where Z is the proper
HKV of the form
Z =
(2− p)
(α+ 2)
u∂u +
(p+ 2α+ 2)
(α+ 2)
v∂v + r∂r, q 6= 0, 2, α 6= −2. (108)
Here the algebra is N5 ⊃ H3 ⊃ G2.
Now let us consider the vacuum specialization cases that includes the metric function of the
form H = eg(u) ln |r|. The additional KV can appear only in the cases H = K ln |r| and H =
K(αu + β)−2 ln |r|, and in both cases they admit N6 ⊃ H4 ⊃ G3 (isometry class 6 specialization)
and N5 ⊃ G3 (isometry class 5 specialization) algebras, respectively. The additional KV to k and
X2 is X3 = ∂u for H = K ln |r|, and X3 = (αu+ β)∂u − αv∂v for H = K(αu+ β)−2 ln |r|.
There are three possibilities in which the NGSs include proper HKV [5]:
(i) N5 ⊃ H3 ⊃ G2, i.e. H = Keαu ln |r|, α 6= 0, with non-special NGS of the form as (II B 1) given
above, where Z is the proper HKV as follows
Z =
2
α
∂u + (2v − K
α
eαu)∂v + r∂r. (109)
(ii) N5 ⊃ H3 ⊃ G2, α 6= 0, β arbitrary, q 6= −2, H = K(αu+β)q ln |r|. For the case with q 6= −1,−2
the non-special NGS is same as (II B 1) but proper HKV has the form
Z =
2
α(q + 2)
(αu+ β)∂u +
[
2
(q + 1)
(q + 2)
v − K(αu+ β)
q+1
α(q + 1)
]
∂v + r∂r, (110)
and for the case with q = −1 the NGS has the proper HKV
Z =
2
α
(αu+ β)∂u − K
α
ln(αu+ β)∂v + r∂r. (111)
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(iii) N6 ⊃ H4 ⊃ G3, i.e. H = K ln |r|. In this case, the special NGS Y3 has the form of (II B 1)
and includes proper HKV
Z = u∂u + (v −Ku)∂v + r∂r. (112)
2. Isometry class 5.
In this case, Sippel and Goenner [6] give differential equations for H as follows
uH,u + 2H = 0, zH,y − yH,z = 0. (113)
The latter one of these differential equations yields H,θ = 0, that is H = H(u, r) in polar coor-
dinates. Thus using the first one of Eq.(113) the function H has the form H = u−2W (r). For
an arbitrary form of W (r) in which we exclude the type O pp-wave spacetimes, the NGSs are
k,X2,X3,Y1 and Y2.
In this class there are two subcases: (i) H = u−2ζ ln |r| and (ii) H = u−2(δr−σ−σ(2−σ)−2r2).
The NGSs, Lie brackets and the first integrals of those subcases are same with the Class 5.
3. Isometry class 6.
The constraint differential equations of [6] for H in this class are given by
H,u = 0, zH,y − yH,z = 0. (114)
The second one gives rise to H,θ = 0, and so the function H has the form H = W (r). For this
case, the constraint equations (102) and (103) become
g1,uu + (c3 sin θ − c4 cos θ)W,r = 0, (115)
cos θ (rg2,uu +W,rg2) + sin θ (rg3,uu +W,rg3) + g4,u
+
c1
2
(rW,r − 2W ) + 2c6W = 0. (116)
If W (r) is an arbitrary function of r then it follows immediately from (115) and (116) that the
NGSs are the three KV k,X2,X3 and two non-special NGS Y1,Y2, Thus the Noether algebra is
at least N5 ⊃ G3.
When W,r 6= constant 6= 0, then the constraint differential equation (115) leads to c2 = c3 = 0
and g1,uu = 0 which give g1 = a1u+ a2, where a1, a2 are constants, and the constraint differential
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equation (116) yields
rg2,uu +W,rg2 = 0, (117)
rg3,uu +W,rg3 = 0, (118)
g4,u + c1
r
2
W,r + (2c6 − c1)W = 0. (119)
If W,r/r = constant, then we get plane wave spacetimes which will be considered in the following
section. If H has the form H = W (r) = δr−σ, we find from the above constraint equations
that the spacetime admits an N6 ⊃ H4 ⊃ G3 consisting of k,X2,X3,Y1,Y2 and the special NGS
Y3 = 2s∂s + Z where Z is the proper HKV which have the form Z =
(2+σ)
2 u∂u +
(2−σ)
2 v∂v + r∂r.
The corresponding first integral for Y3 is I6 = −2sEL + (2−σ)2 u(2Hu˙+ v˙)− (2+σ)2 vu˙+ rr˙.
If H = ζ ln |r|, which form of H exclude type O, then Eq.(115) gives c2 and c3 vanish, and
g1 = a1u + a2. For this H, Eqs. (117) and (118) imply g2 = g3 = 0. The Eq.(119) integrates to
give c6 = c1/2 and g4 = −c1ζ/2 + a3. This spacetime admits also N6 ⊃ H4 ⊃ G3 consisting of
three KVs k,X2,X3, two non-special NGSs Y1,Y2 and one special NGS Y3 = 2s∂s + Z where Z
is the proper HKV Z = u∂u + (v − ζu)∂v + r∂r.
4. Isometry class 7.
The differential equations of this case given by Sippel and Goenner [6] in polar coordinates are
H,u = 0, H,θ − 2cH = 0. (120)
which yields H = e2cθW (r) (see also Ref.[5]). Comparing these differential equations with con-
straint equation (103), we observe that c5 = k1 and c6 = −ck1, where k1 is an arbitrary constant
parameter.
If W is an arbitrary function then one finds immediately that the only NGS which occur are
the three KV given in [6] and two non-special NGS, i.e., k,X2,X3,Y1 and Y2.
If W(r) is not arbitrary function of r, then the constraint equation (103) gives W (r) = δr−2,
where δ is a non-zero constant. Then the constraint equations (102) and (103) lead to an N6 ⊃
H4 ⊃ G3 with basis k,X2,X3,Y1,Y2 and the special NGS Y3 = 2s∂s + Z with the first integral
I6 = −2sEL − 2vu˙+ rr˙ where Z is the proper HKV and Z = 2v∂v + r∂r.
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III. NOETHER GAUGE SYMMETRIES FOR PLANE WAVE SPACETIMES
When the function H has the form given by (2), then pp-wave spacetime (1) represents an
Einstein-Maxwell plane wave spacetime and admits at least an H6. When the plane wave spacetime
is vacuum (i.e. A(u) = −C(u)) or conformally flat (i.e. A(u) = C(u) and B(u) = 0), it admits an
H7 subalgebra. Now we wish to find the maximum number of NGS admitted by the plane wave
spacetimes.
For the plane wave spacetime classes in [5], we calculated the gauge function f , and the com-
ponents ξ, η1, η2, η3 and η4 of NGS vector field in Eqs.(26)-(29) with the constraint equations (30)
and (31) which lead to the following equations
f1,uu = 0, f4,u = 0, (121)
f2,uu +A(u)f2 +B(u)f3 = 0, (122)
f3,uu + C(u)f3 +B(u)f2 = 0, (123)
c3A(u) + c4B(u) = 0, c3B(u) + c4C(u) = 0, (124)
(c6u+ c7)A
′(u) + 2c6A(u)− 2c5B(u) = 0, (125)
(c6u+ c7)B
′(u) + 2c6B(u) + c5 [A(u)− C(u)] = 0, (126)
(c6u+ c7)C
′(u) + 2c6C(u) + 2c5B(u) = 0, (127)
where ci (i = 3, ..., 7) are five constant parameters, and f1, f2, f3, f4 are functions of u. As it was
stated in section IIA, the constant parameter c2, the functions f1(u) and f4(u) give rise to the
KV k and two additional non-special NGS Y1 and Y2 given in (33) and (34), and so we shall put
c2, f1 and f4 to zero. The equations (122) and (123) correspond to the condition on H to admit
the four KV listed in case 10 of [6]
Xi = f2(u)i∂y + f3(u)i∂z + [y(f2,u)i + z(f3,u)i] ∂v, (i = 2, ..., 5) (128)
and so we can put f2(u) = 0 and f3(u) = 0 for the remaining NGS. Furthermore, since the c1
parameter is not appear in the constraint equations (121)-(127) it gives rise to a non-special NGS
vector field for any form of H in plane wave spacetimes as
Y3 = 2s∂s + Z, (129)
where Z = 2v∂v + y∂y + z∂z is a proper HKV. Thus, all plane wave spacetimes admit at least an
N8 ⊃ H6 ⊃ G5. Now we need to consider the following NGS vector field for non-conformally flat
Noether gauge symmetry classes for pp-wave spacetimes 24
or conformally flat spacetimes:
Y = s(c3∂y + c4∂z) + c5(z∂y − y∂z) + c6(u∂u − v∂v) + c7∂u, (130)
with gauge function f = c3y + c4z.
A. Non-conformally flat spacetimes
Assuming A(u) 6= C(u) and B(u) 6= 0 for non-conformally flat spacetimes there are some
specializations of those functions A(u), B(u), C(u) in Eqs. (124)-(127) which yields one additional
NGS. We will consider such specializations, four of these due to the cases 11-14 of table 2 in [6]
which give rise to an additional KV, and two case of [4].
(i) Isometry class 11 of [6]. The functions A(u), B(u), C(u) of this case have the form
A(u) = au−2, B(u) = bu−2, C(u) = cu−2, (131)
where a, b and c are constants. In addition to five KVs k,Xi, and three NGSs Y1,Y2,Y3, in which
Y3 includes the HKV Z, there exist one additional KV
X6 = u∂u − v∂v, (132)
and one special NGS
Y4 = s(σ∂y + η∂z), (133)
where c3 ≡ σ, c4 ≡ η, b = −(σ/η)a and c = (σ2/η2)a. Hence in this case the spacetime admits
N10 ⊃ H7 ⊃ G6.
(ii) Isometry class 12 of [6]. For this case
A(u) = cu−2 (sinφ+ ℓ) , B(u) = cu−2 cosφ,C(u) = cu−2 (− sinφ+ ℓ) , (134)
where φ = 2γ ln |u|, and c, ℓ and γ are constants. From Eqs.(124)-(127) we find c3, c4 and c7 vanish,
and c6 = c5/γ. Thus there is only one additional KV as
X6 = γ(z∂y − y∂z) + u∂u − v∂v , (135)
which yields the spacetime admits N9 ⊃ H7 ⊃ G6.
(iii) Isometry class 13 of [6]. In this case H = (ay2 + cz2)/2 + byz, i.e. A(u) = a,B(u) = b and
C(u) = c, where a, b, c are constants. For this case there exists only one additional KV as
X6 = ∂u. (136)
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Thus the spacetime admits N9 ⊃ H7 ⊃ G6.
(iv) Isometry class 14 of [6]. In this class,
A(u) = c (sinφ+ ℓ) , B(u) = c cos φ, C(u) = c (− sinφ+ ℓ) , (137)
where φ = 2γu. Using Eqs.(124)-(127), we get that c3, c4, c6 vanish and c7 = c5/γ which give the
additional KV
X6 = γ(z∂y − y∂z) + ∂u. (138)
B. Conformally flat spacetimes
Since dimH = 7 for any conformally flat plane wave spacetime, it follows that the minimum
dimension of NGS algebra for conformally flat plane wave spacetimes is nine. We now give NGSs
corresponding to the plane wave symmetry classes. Because of that A(u) = C(u) and B(u) = 0 in
conformally flat plane wave spacetimes which is just isometry class 15 of [6], it follows from the
constraint equations (124)-(127) that c5 is an arbitrary constant, c3 = 0 and c4 = 0. Therefore
such spacetimes admit another KV given by
X5 = z∂y − y∂z. (139)
This conformally flat pp-wave spacetimes, where the function H has the form H =
1
2A(u)δABx
AxB(A,B = 2, 3), may be physically considered as an Einstein-Klein-Gordon or
Einstein-Maxwell solution [7]. Furthermore there are two specializations of the function A(u).
(v) Isometry class 16 of [6]. The function of A(u) is a constant. Then the additional KV is
X6 = ∂u. (140)
(vi) Isometry class 17 of [6]. In this case, the form of function A(u) is A(u) = au−2. Thus we
find the additional KV as
X6 = u∂u − v∂v. (141)
Thus we conclude that the maximum dimension of NGS algebra for conformally flat plane wave
spacetimes is ten.
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IV. DISCUSSIONS AND CONCLUSIONS
In this work we have examined NGSs of the geodesic Lagrangian for pp-wave spacetimes ac-
cording to isometry classes appearing in references [5] and [6], and found the maximum dimension
of the associated NGS Lie algebras which are mostly listed in Table III and Table IV. In all of
the isometry classes, the NGSs of the geodesic Lagrangian have all KVs of corresponding pp-wave
spacetime and additionally some new symmetry generators are associated with the Lagrangian.
The additional NGSs are specially important because they can in most instances give new first
integrals of the geodesic equations. We found that a type N pp-wave spacetime is at least admitting
three NGSs. Thus, the number of NGSs for which the plane wave spacetimes are not included can
be four, five, six, seven and eight (see Tables 1, 2 and 3). It is further proved that the KV algebra
is not only subalgebra of NGS algebra but the HKV (if it exists) gives also the subalgebra of NGSs
[21, 22]. This study includes a lot of examples for the fact that the KVs and HKV together with
symmetry such as s∂s are always the symmetries of the Lagrangian for the geodesic equations of
spacetimes and but not SCKVs or proper CKVs. We note here that a HKV alone is not a NGS in
this study.
We have found that all plane wave spacetimes admit at least eight dimensional NGS algebra.
The maximum dimension of the NGS algebra on M is ten which includes the 7 KVs, 1 HKV and
2 non-special NGSs if M is conformally flat. If the spacetime is non-conformally flat plane wave,
then the possible dimensions of NGS algebras for plane wave spacetimes can be nine or ten.
Because of the fact DsI = 0, the associated conserved charges related with each of the NGS
generator Y’s will be the Noether first integral I’s which are explicitly obtained in Table 1, Table
2 and Table 5. It is well known that the pp-wave solutions are the simplest gravitational waves
which are not directly detected so far, and so the search of the exact solutions of the geodesic
equations for the pp-wave spacetimes would be an interesting task.
Considering each of the NGS generators and related first integrals, we have discussed the solution
of geodesic equation in the pp-wave spacetimes through this paper. For the isometry classes in
standard coordinates, we showed that how the Noether constants give the solution of geodesic
equations. Every classes in these coordinates have the same three Noether symmetries and so the
same three Noether constants which give the analytical solution of the u. In isometry class 1i, we
also found the exact solution of the y. So for this class we have the solution of geodesic equations
both u and y. The found symmetries with NGS technique in classes 3, 4, 8 and 8(ǫ 6= 0) are
not enough to solve the other geodesic equations beside u. We found either an implicit solution
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of a geodesic equation or a relation between Noether constants, which are simply not enough to
get exact solution of geodesic equations. But in the classes 9 and Biv, with a random selection
of Noether constants, we get the analytical solutions of the geodesic equations via NGS and so
Noether constants. Since κ = 2I2 = 0, the solution of the geodesic equations in isometry class 9 is
a solution of a massless particle and because of κ 6= 0, the obtained solution in Biv is for a massive
particle. We need to remind that these two analytical solutions of geodesic equations came with
an arbitrary selection of Noether constants, but one can also find the another special solutions of
these classes by using different combinations of the constants and that is a part of another study.
Noether constants given in the rest of the classes except Table I needs to study separately.
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Appendix A: Integration of Noether symmetry equations in standard coordinates
The equations in (20)-(25) are an overdetermined PDE system. By solving these equations
systematically, one can determine a general form for the components ξ, η1, η2, η3, η4 of Noether
gauge symmetry generator Y. It is easily solved from Eq. (14) that ξ depends only on s, i.e.
ξ = ξ(s). The first three equations given in (20) yield
η1 = A1(s, u, y, z), (A1)
η3 = vA1,y +A2(s, u, y, z), (A2)
η4 = vA1,z +A3(s, u, y, z), (A3)
where A1, A2, A3 are integration functions to be determined. Using the components η
3 and η4 in
the Eq. (21), we find
A1,yz = 0, A1,yy = 0, A1,zz = 0, (A4)
A2,y − 1
2
ξ,s = 0, A2,z − 1
2
ξ,s = 0, (A5)
A2,z +A3, y = 0, (A6)
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which have the following solution
A1 = yB1(s, u) + zB2(s, u) +B3(s, u) (A7)
A2 =
y
2
ξ,s +K(s, u, z), (A8)
A3 =
z
2
ξ,s + L(s, u, y), (A9)
K,z + L,y = 0. (A10)
Then, the first equation of (22) gives
η2 = v (ξ,s −A1,u) +A4(s, u, y, z), (A11)
where A4 is an integration function. Substituting the obtained components η
1, η2, η3 to second and
third equations of (22), one can find that B1,u = B2,u = 0, that is, B1 = B1(s) and B2 = B2(s),
and
A4,y −K,u + 2B1H = 0, (A12)
A4,z − L,u + 2B2H = 0. (A13)
When the potential U(u, v, y, z) vanishes, the Eq. (25) gives rise to that the gauge function f
depends only on the standard coordinates, i.e. f = f(u, v, y, z). Now, it remains the Eqs. (23)
and (24) to be solved. Thus, using the obtained components in Eq. (23) and then considering the
Eq.(A10), we find
B1 = a1, B2 = a2, B3 = a3s+ k1(u), (A14)
K = sk2(u) + zk3(u) + k4(u), L = sk5(u)− yk3(u) + k6(u), (A15)
ξ = c1s+ c2, (A16)
f = −a3v + yk2(u) + zk5(u) + k7(u) (A17)
with the constraint equations for A4
A4,y − sk2,u − zk3,u − k4,u + 2a1H = 0, (A18)
A4,z − sk5,u + yk3,u − k6,u + 2a2H = 0, (A19)
A4,s + yk2,u + zk5,u + k7,u + 2a3H = 0, (A20)
where k1, ..., k7 are integration functions, and a1, a2, a3, c1, c2 are integration constants. Finally, we
consider the Eq. (24) with the above results and find that a1, a2 and a3 vanish, and
k1 = c6u+ c7, k2 = c3, k3 = c5, k5 = c4, (A21)
A4 = −sf1,u + yf2,u + zf3,u + f4(u), (A22)
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where f4(u) is an integration function, and c3, ..., c7 are constants of integration. In order to get
the same form of solutions given by (26)-(29) with constraint conditions (30) and (31), we have
changed the functions k7(u), k4(u) and k6(u) to f1(u), f2(u) and f3(u), respectively.
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